TOTALLY GEODESIC HYPERSURFACES OF HOMOGENEOUS SPACES 



Y.NIKOLAYEVSKY 

Abstract. We show that a simply connected Riemannian homogeneous space M which admits a totally 
geodesic hypersurface F is isometric to either (a) the Riemannian product of a space of constant curvature 
and a homogeneous space, or (b) the warped product of the Euclidean space and a homogeneous space, 
or (c) the twisted product of the line and a homogeneous space (with the warping/twisting function 
given explicitly). In the first case, F is also a Riemannian product; in the last two cases, it is a leaf of a 
totally geodesic homogeneous fibration. Case (c) can alternatively be characterised by the fact that M 
admits a Riemannian submersion onto the universal cover of the group SL(2) equipped with a particular 
left-invariant metric, and F is the preimage of the two-dimensional solvable totally geodesic subgroup. 



1. Introduction 

The study of totally geodesic submanifolds of homogeneous spaces dates back to the classical result of 
Elie Cartan from 1927 ([C] or [Hel, IV, §7]), which says that a totally geodesic submanifold of a symmetric 
space is the exponent of a Lie triple system. Homogeneous totally geodesic submanifolds of nilpotent Lie 
groups have been extensively studied in [Ebe, KP, CHNl, CHN2]. The classification of totally geodesic 
submanifolds of nonsingular two-step nilpotent Lie groups is given in [Ebe] . 

In the last two decades, a remarkable progress has been achieved in the study of one-dimensional totally 
geodesic submanifolds — homogeneous geodesies (the geodesies which are the orbits of a one-dimensional 
isometry group); this includes the deep existence results [Kai, KS, Dus] and the investigation of the g.o. 
spaees — homogeneous spaces all of whose geodesies are homogeneous (see e.g. [Gor, AN]). 

In this paper we investigate the other extremity — totally geodesic hypersurfaces (not necessarily 
homogeneous) of homogeneous spaces. As one may expect, the existence of such a hypersurface imposes 
strong restrictions on the ambient space. In particular, if a homogeneous space admits a totally geodesic 
hypersurface, then it must be a space of constant curvature, provided it belongs to one of the following 
classes: irreducible symmetric spaces [CN], normal homogeneous spaces [To2], and more generally, natu- 
rally reductive homogeneous spaces [Tsl, Tol]. Totally geodesic hypersurfaces and extrinsic hyperspheres 
in manifolds with special holonomy have been recently studied in [JMS]. By [CHNl, Proposition 5], if 
a nilmanifold admits a totally geodesic homogeneous hypersurface F, then its metric Lie algebra is the 
direct orthogonal sum of a one-dimensional ideal and the ideal tangent to F. 

We prove the following classification theorem. 

Theorem 1. Suppose M is a simply conneeted, eonneeted Riemannian homogeneous space and F C M 
is a complete connected totally geodesic hypersurface. Then one of the following holds. 

(a) M — Mi{c) X M2, the Riemannian product of a space Mi{c) of constant curvature c and a 
homogeneous .space M2. The hypersurface F is the product Fi{c) x A/2, where Fi{c) C Mi(c) is 
totally geodesic. 

(b) M — R"'yXM2,, the warped product ofW'^, m > 0, and a homogeneous space M2 — G/H, with 
the warping function f : M2 — > M defined by f{gH) = x(.9)j where x : G — > (M+,-) is a nontrivial 
homomorphism with x{H) = 1- The hypersurface F is the Cartesian product of a hyperplane R™"^ C 
R™ and M2. 

(c) M = R y X M2 , the twisted product of R and a homogeneous space M2 ■ The hypersurface F is a 
leaf of the totally geodesic fibration {t} x M2, f G R. 
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Moreover, the curves R x {x}, x £ M2, are congruent helices of order two with the curvature k 
and the torsion k ^ 0. With a particular choice of local coordinates t onW and u on M2, the twisting 
function is given by f{t,u) = (sinh(a(w)) cos(K;t + /3(u)) +cosh(a(u)))~^, where locally a,fi : M2 — >■ K 
satisfy \\Vaf = sinh(a)2||V/3|p = fc^. 

The warped (the twisted) product Mi jXM2 of Riemannian manifolds {Mi,dsi) and {M2,ds2), with 
the warping function f : M2 — >■ M"*" (respectively, with the twisting function f : Mi x M2 — >■ K"*"), is the 
Cartesian product Mi x M2 equipped with the metric fdsi+ds2- A smooth curve in a Riemannian space 
is called a helix of order p > 0, if its first p Prenet curvatures are nonzero constants and the {p + f )-st 
Prenet curvature vanishes (by analogy with curves in R'^, for helices of order two, we call the first two 
nonzero curvatures the curvature and the torsion, respectively). Note that we impose the assumption of 
completeness of F only for convenience; any open portion of a totally geodesic hypersurface of M can be 
extended to a complete hypersurface by extending all the geodesies. 

It follows from Theorem 1 that apart from Case (a), a totally geodesic hypersurface F is a leaf of a 
totally geodesic fibration of codimension one. 

Theorem 1 is intentionally stated in a purely "Riemannian" language (except for a small amount 
of algebra in Case (b)) avoiding the choice of a particular presentation of M as G/H. An important 
question in the theory of totally geodesic submanifolds of homogeneous spaces is when such a submanifold 
is homogeneous (that is, is the orbit of a subgroup of G). From Theorem 2 below (or from the proof 
of Theorem 1 given in Section 2) one can deduce that in Case (c) of Theorem 1, the hypersurface F is 
homogeneous relative to any choice of a connected transitive group G of isometrics of M. The answer in 
the other two cases depends on a particular presentation. In Case (a) it can easily be in negative: the 
group SU(2) with a metric of constant positive curvature contains no two-dimensional subgroups. An 
example of a non-homogeneous totally geodesic hypersurface from Case (b) is given in Section 2. Note 
however that in all the cases, the Riemannian manifold F is homogeneous relative to the induced metric. 

Theorem 1 has the following obvious but useful corollary. 

Corollary. A compact, simply connected, connected Riemannian homogeneous space that admits a totally 
geodesic hypersurface F is the Riemannian product of a standard sphere S"^, m > 2, and a compact 
homogeneous space M2; then F is (a domain of) the product of a great hypersphere S"^~^ and M2. 

One can give an alternative, more algebraic description of the totally geodesic hypersurface from 
Case (c) of Theorem 1. The "smallest" example of such a hypersurface is constructed as follows. 

Example 1. Take M — SL(2), the universal cover of the group SL(2). Denote q = s((2). Let f C fl 
be a two-dimensional subalgebra and let N € q span the one-dimensional subalgebra so(2) c g. Up to 
automorphism and scaling one can choose, in the defining representation of Q, 

Introduce an inner product on g by requiring that N ±f and by specifying it further on f in such a way 

that the operator ttj adjvTrf is skew-symmetric. Explicitly, choose arbitrary nonzero a,b €M. and define 
the inner product (•, •) in such a way that the following basis is orthonormal: 

(1) Ei=aiV = a(_0^ E2 = 2b^ll), i^s = 6 ( J J . 

Then f is a totally geodesic subalgebra of the metric Lie algebra {q, (•, •)) [Ts2, Theorem 7.2], and so the 

subgroup Fi tangent to f is a totally geodesic hypersurface of M = SL(2) equipped with the left-invariant 
metric obtained from the inner product (1). Note that Fi is isometric to the hyperbolic space and the 
functions a, /3 from Case (c) are, up to scaling, the polar coordinates on Fi. 

Theorem 2. Under the assumptions of Theorem 1, either the pair (M = G/H, F) belongs to one of the 

cases (a), (b), or otherwise there exists a normal subgroup N C G such that H C N, G/N ~ SL(2), 

and the projection tt : M — >• SL(2) {where the metric on SL(2) is constructed as in Example 1) is a 
Riemannian submersion, and F = ■k~^Fi. 
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2. Proofs 

Let M = G/H be a simply connected, connected Riemannian homogeneous space, with G a sim- 
ply connected, closed, connected transitive group of isometrics acting on M from the left and H the 
(connected) isotropy subgroup of a point o G M. Let tt : G M be the natural projection with 
7r(e) = o. Denote (•,•), V and R the metric, the Levi-Civita connection and the curvature ten- 
sor of M respectively. For vector fields X, y G TM we define the operator X /\Y & so (TM) by 
{X A Y)Z = {X,Z)Y - {Y,Z)X. Denote U G Sym(so(TM)) the curvature operator, the symmetric 
operator defined by (Jl{X AY),Z AV) = {R{X, Y)Z, V), where the inner product on the left-hand side 
is the natural inner product on so{TM). For a vector X and a subspace V we denote X AV the subspace 
Span(X AF : F G V). 

Let F G M be a connected totally geodesic hypersurface. Without loss of generality we can assume 
that o € F. Moreover, as M is an analytic Riemannian manifold and as F is totally geodesic, hence 
minimal, it is an analytic submanifold of M. Therefore we can (and will) replace F by a small open disc 
of F containing o. Let ^ be a continuous unit vector field normal to F. Consider the Gauss image of 
F defined by r(F) = {dg-'^^ix) : x G F, g e G, g(o) = x}. The set of pairs (a;,^) G F x G such that 
g{o) = X is (locally) diffeomorphic to tt^^F ~ F x if, so r{F) is the image of a continuous (in fact, 
analytic) "Gauss map" $ : ■k~^F — >■ 6*0(1), where 5o(l) is the unit sphere of TqM. As H is connected, 
T{F) is also connected. Moreover, T{F) is 7?-left-invariant. Then the subspace Do = Span(r(F)) C 
TqM is iJ-left-invariant, as also is its orthogonal complement D^. Hence we can define two orthogonal 
complementary G-left-invariant distributions D and D-^ on M such that D{o) = Do and D-^{o) = Do- 
Denote m = dim D. 

Lemma 1. In the above notation we have: 

1. The distribution D^ is integrable with totally geodesic leaves. The leaf of D-^ passing through o locally 
lies in F. 

2. The distribution D is integrable with totally umbilical leaves. 

3. D A D lies in an eigenspace of TZ, so that there exists A G M such that Ti{X AY) — XX A Y , for all 
X,YgD. 

Proof. 1. First note that if X is tangent to D^ at some point x F and x ~ g{o), then dg^^X G D^ 
(as D^ is G-left-invariant), hence dg~^X _L dg~^£,{x)., so X _L £,{x). Thus D^ is tangent to F. 

Now let X, Y be two vector fields tangent to D^ in a neighbourhood of o. They must be tangent to 
F at the points of F. As F is totally geodesic, we have xY)\o -L C(o)- Moreover, for any x ^ F and 
any g & G such that g{o) = x, the vector field dgX and dgY are tangent to D and to F (at the points 
of F), so (ydgxdgY)i^ ± ^(x), hence {VxY)\o -L dg-^^{x). It follows that (Vx>")|o £ D^- As D^ is 
G-left-invariant it follows that everywhere on G we have VxY G D-^, for any vector fields X,Y & D-^. 
Therefore [£'-'-,£>-'-] c D-^, and the leaves tangent to D-^ are totally geodesic submanifolds of M. 

2. Let 77 G r(F) and let g E G and .x G F be chosen in such a way that rj = dg~^£^{x). Let 
Z' G T^F n D{x) and let X' e D^ he a. vector field in a neighbourhood of x. Then (Vz'X')|^ _L ^{x). 
Acting by dg~^ we obtain that {VzX)\o _L 77 for any Z € Do H r/-^ and for any vector field X G D 
in a neighbourhood of o. It follows that every rj G r(F) is an eigenvector of the linear operator Lx 
on Do defined by {LxNi,N2) = {{'Vn2^)\ot ^1) {Lx is the adjoint to the Nomizu operator of X). As 
r(F) is a connected subset of the unit sphere of TqM spanning Do we obtain that Lx is proportional 
to the identity, so that the bilinear form on Do x Do defined by (^1,^2) M> {{V ZiX)\o, Z2) vanishes 
for all Zi ± Z2, Zi,Z2 G Do- Let Ni, N2 G D he orthogonal vector fields in a neighbourhood of o (if 
m(= dim D) = 1, the claim of the assertion is trivial) and let X G D-^ he a vector field in a neighbourhood 
of o. At the point o we have {VniN2,X) = -(Vat^X, iV2) = 0. It follows that [A^i,7V2] G D for any two 
orthogonal vector fields Ni,N2 G D, hence for any such Ni,N2. Then D is integrable and the second 
fundamental form of the leaves vanishes on any pair of orthogonal vectors. It follows that the second 
fundamental form (in every direction from D-^) is proportional to the induced inner product on D, hence 
the leaves are totally umbilical. 
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3. Let 5 e TT with x = g{o) E F. From the Codazzi equation at x we have {R{X,Y)Z,£^) — 0, 
for all X,Y,Z e TxF. From the symmetries of the curvature tensor it follows that {R{£,, X)Y, Z) = 
{R^X, Z){i, Y) - {R(^X, Y){i, Z), for all X, F, Z e T^M, where R^ : T^M T^M is the Jacobi operator 
defined by R^X = X)^. Then TZ{S^AX) = {R^X)A^. As i?^ is symmetric, there exists an orthonormal 
basis Ej, 2 = 1, . . . , n — 1, for T^F such that 7?.(^ A e^) = A e^, so that the elements ^ A S so(ra;M) 
are the eigenvectors of 7?. G Sym(so(Tj;Af )) [Ts2. Proposition 4.7]. Acting by <ig^^, we obtain that for 
every g e 'k~^F there is a direct orthogonal decomposition TqM = M$(5) © ®s=i-^s(5) (where $ is the 
Gauss map and $(5) e r(F)) such that every subspace $(5) A C soiToM) lies in the eigenspace 

of 7?. G Sym(so(ToM)) with the eigenvalue As(g) (here A,5((7)'s are the q's without repetitions). Let 
so (TpM) = ©^iT4 be the orthogonal decomposition of so (ToM) on the eigenspaces of TZ, with jia the 
corresponding eigenvalues. Then every \s{g) equals to one of the constants jia- As the Jacobi operator 
i?j depends continuously (in fact, analytically) on g S i:~^F and all its eigenvalues belong to the finite 
set {na} we obtain that the number of eigenvalues p{g) = p is constant and up to relabelling, every 
subspace $(5) A Lg{g) lies in Vs- Moreover the dimensions rrig = AmiLs{g) are constant and the maps 
g I—)- Ls{g) are analytic maps from 7r~^F to the Grassmanians G{ms,ToM). It follows that for any 
g,h€ TT'^F and for any s^l,we have ($(5) A Ls{g), $(/i) A Lt{h)) = 0, so ($(5) A Ls{g))^{h) _L L;(/i), 
therefore ($(5) A Ls(5f))$(/i) C ^^(/i). Now if $(/i) / $(5), the subspace {^{g) A is(5))$(/i) has 
dimension TOs, the same as the dimension of Ls{h). So there exists a small enough neighbourhood 
U C 7r"^F of e such that for all g,h G U and all s = 1, . . . ,p, we have {^{g) A Ls{g))^{h) = Ls{h), 
hence ^^(/i) C M$(fl') ® is (5)- Let TVg = Span(Z/s(/i) : h &U). Then dimTV^ > as dimLs(/i) = m^, 
and moreover, since Ng C K^(<7) ® Ls{g), for all g E U, wc have dimTV^ < + 1. So we have two 
possibilities: either dimA^^ = m^, in which case the subspaces Lg{h) do not depend on h: Lg{h) = Ng, 
for all h € U; or dimA^g = rrig + 1, in which case the subspaces M$(5) ® Ls{g) do not depend on g: 
M.^{g) Ls{g) — Ng, for all g € U. But the latter case occurs for no more than one s = 1, . . . ,p. 
Indeed, if we suppose that M$(g) © Ls{g) = Ng and R^{g) © Li{g) = Ni, for all g e U and for some 
s ^ I, then, as ^{g),Ls{g) and !/;(<?) are mutually orthogonal, we obtain ^$(5) = Ns r\ Ni. It follows 
that ^{g) is constant, and so the subspaces Ls{g) = Ns Ci (^(.g))^ also do not depend on g. But then 
Lg{g) = S'p'An{Lg{h) : h eU) = Ng, so dim A^^ — TUg, a contradiction. So dim A^., = nig + 1 for no more 
than one s = 1, . . . ,p, and dim A^^ = nig for all the other s. 

Now if dim A^^ = nig for all s = 1, . . . ,p, then the vector $(5) and all the subspaces Lg{g) are constant: 
$((/) = $ and Lg{g) = Ng, for all g €U, hence for all g € tt^^F, by analyticity. Then the distribution D 
is one dimensional and the claim follows trivially. 

Otherwise, suppose that dim A^i = nii + 1. Then again Lg(g) = Ng, for all g e Tr~^F and for all s > 2. 
We also have Do = Span(<I)(,g) : g e n^^F) = Span(<f>(.g) : g E U) hy analyticity, so Do C A^i. But for 
any g e tt'^F, we have $(5) A -Bi(.g) = ^{g) A A^i C Vi and Vi is the eigenspace of TZ with the eigenvalue 
Ai. It follows that $(5) A Do CVi, for all g e tt~^F, hence Dq A Do C Vi, as required. □ 

Proof of Theorem 1. Let v E D^ be the mean curvature vector field of the totally umbilical foliation on 
M defined by D. As D is G-left-invariant, v is also G-left-invariant. 
We consider two cases for m = dim£>. 

Case 1. Suppose that m (= dim_D) > 1. Then from Codazzi equation and from Lemma 1(3) we obtain 
that the D-^ component of the vector field {Zx, Zz)y — (^2, ■^3)Vzii' vanishes, for any Zx,Zi and 
tangent to D. It follows that SI zv is tangent to D, for any Z tangent to D, hence the leaves of the 
foliation defined by D are extrinsic spheres. 

We can introduce analytic local coordinates v^,. . . , v"\u^, . . . , in a neighbouhood of any point 

X e M in such a way that D = Span(i9/9u" : a = 1, . . . , m), D^ = Span((9/9w' : i = 1, . . . ,n — m). The 
metric of M is given by ds"^ = A'^p{u,v)dv"' dv'^ + B[^{u,v)du'^du^ . As D^ is totally geodesic, we obtain 
that = Bij{u). From the fact that D is totally umbilical wc get A'^^(u, u) = f{u,v)Aai3{v) for some 
positive analytic function /. Then v = — ^B^^ d{ln f ) / du^d / du^ and the fact that the leaves tangent to 
D are extrinsic spheres gives d'^{\nf)/du^dv°' = 0. It follows that / is a product of a function of the u's 
by a fimction of the w's, so (with a slight change of notation) ds"^ = f{u)Aa[i{v)dv°'dv^ + Bij{u)du^du^ , 
hence M is locally a warped product. Moreover, from Gauss equation and from Lemma 1(3), every leaf 
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tangent to D has a constant curvature in the induced metric. But the isometry of M which maps a point 
X — (u, v) to a point y = (it', v) on the same leaf is a homothecy with the coefficient f{u')/f{u). It follows 
that either / is constant or every leaf tangent to D is flat in the induced metric. 

Now, if / is a constant, then M is locally a Riemannian product. As M is simply connected, by de 
Rham Theorem, it is the Riemannian product of a leaf Mi tangent to D and a leaf M2 tangent to D^, 
with both Ml and M2 homogeneous (as D and D-^ are G-left- invariant). Moreover, by Lemma 1(3), 
Ml has a constant curvature c. Let Fi be (the unique complete) totally geodesic hypersurface of Mi(c) 
whose normal vector at o is £,{0). Then the hypersurface F' = Fi x M2 is totally geodesic and F is an 
open subset of F' (as a totally geodesic submanifold is locally uniquely determined by its tangent space 
at a single point). This gives Case (a) of Theorem 1. 

Now suppose that / is not a constant. From the above and by [BH, Theorem A] the manifold M is 
a global warped product, M = M™y XM2, where M2 is the leaf tangent to passing through o and 
/ : M2 K^. The isotropy subgroup G2 C G of M2 acts transitively and isometrically on M2, so M2 
is the homogeneous space G2/H. Moreover, every g € G2 acts on the M™ fibers by the homothecy with 
the coefficient f{g{u))/f{u). As this ratio must not depend of w e M2 we obtain that ,f{gH) = x(3), 
where x : G2 — >■ (K^, •) is a homomorphism with x{H) = 1- Let M™"^ be the hyperplane of R™ passing 
through o and orthogonal to ^(o). Then the hypersurface F C M, the (Cartesian) product of M"*"""^ and 
M2 is totally geodesic and is (the unique complete) totally geodesic hypersurface of M whose normal 
vector at o is ^(o). This gives Case (b) of Theorem 1. 

Case 2. Suppose that m(= dimf) = 1. Let r be a unit vector field on M which spans D (so that 
r(o) = ^(o). By construction, r is G- left-invariant. Moreover, from [BH, Theorem A] the manifold M is 
diffeomorphic to M x M2, where M2 is the leaf of D-^ passing through o. The leaf M2 is a totally geodesic 
hypersurface and F is an open connected subset of M2. Let Gi C G be the connected isotropy subgroup 
of M2. Then H G G\ and Gi has codimension one in G. It follows that F is a homogeneous totally 
geodesic hypersurface. 

Now, if the vector field r is geodesic, then we get back to case Case (a), with Mi(c) a Euclidean line. 
Furthermore, if r is not geodesic, but the leaves of D axe "circles" (one-dimensional extrinsic spheres), 
that is, if Vt-z^ = — Ili^lpT, then repeating the above arguments we get to Case (b), with m = 1. 

Suppose that V^;^ If t. Consider the Prenet frame r, z^i, 1^2, • • • of the one-dimensional leaves of D. 
We have Vt-t = kivi{= v), Vri^i = —kiT + k2i^2- By the G-left-invariancy, all the Frenet curvatures 
ki,k2, - ■ ■ are constant; by our assumption, at least the first two of them, ki and k2, are nonzero. 

Passing to the level of Lie algebras, we need to exercise a certain caution, as the standard identification 
procedure is carried out via Killing vector fields, however the vector fields T,i'i,h'2, ■ ■ ■ are not in general 
Killing. Denote their values at o by the corresponding Roman letters, so that T = r(o), A^i = 1^1(0), A^2 = 
i'2{o), etc. Note that the spans of the vectors T, Ni,N2, . . . are one-dimensional if-submodules of TqM. 
Let g, Qi and f) be the Lie algebras of G, Gi and H respectively. We have [) C fli C fl, with qi a subalgebra 
of codimension one in g. Choose and fix an ad(iJ)-invariant complement f to f) in fli. The corresponding 
Killing vector fields are tangent to D-^, and we can identify f with D^{o). As the inner product is 
ad(iJ)-invariant, we can find a one-dimensional ad(i?)-invariant complement to Qi in q spanned by an 
element whose corresponding Killing vector field at o equals T. We can identify that element with T, 
and the space m = WT © f C g, with TgM. Then we obtain 

(2) m = MTef, T±f, fli=fe^, [T,f)] = 0, [f),f]cf, [fli,0i]C0i. 

We have the following lemma: 
Lemma 2. 

(a) The leaves of D are helices of order two: their first and second Frenet curvatures are nonzero con- 
stants, and the third Frenet curvature is zero. 

(b) Denote I = Span(r, ^1, iV2), s = Span(^i, 7V2) and 3 = (mDl^) (Bt). Then 

(i) 3 is an ideal of g containing f), with q/3 ~5l(2). 

(ii) 01 = sea. 

(in) [[, i)] = 0. 
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(c) The subspace I C g, with the induced inner product and with the Lie algebra structure of g/3, is 
isometrically isomorphic to s{{2) with the metric (1), withs C I the totally geodesic solvable subalgebra 
defined by s — Span(i?2, E^). 

Proof, (a and b) From the fact that f is tangent to a totally geodesic hypersurface (and that 0i C is a 
subalgebra) we obtain that for all X,Y E f, 



where the subscript m denotes the m-component. To compute the Prenet frame we shall use the following 
fact: if Y and Z are G- left-invariant vector fields on M with Y{o) = Y, Z{o) = Z, then 



(4) (VyZ)(o) = -[Y,ZU + U{Y,Z), where 2(f/(F,Z),X) = {[X,YU, Z) + {[X, ZUY), 



for all X G m. Note that the first term on the right-hand side of (4) differs by the sign from that in 
the standard formula for the covariant derivative of Killing vector fields (e.g. [Bes, Proposition 7.28]); 
equation (4) easily follows from that formula and the fact that the Lie bracket of a (G-)Killing vector 
field and a G-left-invariant vector field (as of vector fields on M) vanishes. 

The elements Ni,N2, . . . of the Prenet frame at o are orthonormal unit vectors in f. Prom (3), (4) and 
the fact that kivi = VtT we have 



obtain {N2,X) = ^k^\{[T, Ni]^, X) + (T, [X, + (iVi, [X, T]„)) = k^'HT, N^]^, X), since fli is a 

subalgebra and by (2), (3), (4). As (r, U2) = we get from (5) 



By a classical result [Lie, T, Hof], a subalgebra gi C g of codimension one must contain the kernel i of 
a homomorphism from q to si(2). Denote i' the (hnear) projection of i to m. As i C fli, we have i' C f, 
so T _L i'. Moreover, since i' C i + 1) we get by (2) [T, i'] c [T, i] c i, as i is an ideal. It follows that 
[T, C i' C f. Taking X <E V in (5) we then get iVi _L i'. Furthermore, taking the inner product of (6) 
with X ei' we get {N2,X) = -k^^ {[T, X]^, Ni) by (3). But from the above, [r,i'],„ C i' and A^i _L i', 
so A'2 -Li'. Therefore the codimension of i in g is at least three (since i C i' © f) C (m fl [^) © f)), hence 
it is exactly three, with g/i ~ s[(2) and i' = m fl and i = i' © f}. In particular, f) C i. This proves 
assertion (b)(i), with = 1, and assertion (b)(ii) (in view of (2)). 

Now from (3), (4) we obtain ((V^i^2)(o), X) = -{[T,X]m,N2) - i([7V2,^]m,T'), for any X € m. The 
right-hand side vanishes for all X e i', and also for X = N2 and X = T (from (5) or from Frenet 
equations). It follows that (Vt-j^2)(o) = — fe-^i, hence Vri'2{o) = —k2t^i, which proves assertion (a). 

Note that for any X,Y e m with [X, f)] = [Y, ()] = we have [VxY, [)] = 0. Indeed, for an 
orthonormal basis Ci for m we have VxY = 5 ^Im, e,) + {X,[ei,Y]m) + {Y,[ei, X]m))ei, so 

[Z.VxY] = [X,YU] + \Y.^{{X, [e„r]^) + (r, [e„X]^))[Z,e,]. For the first term on the right- 
hand side we have: [Z, [X^Y]m\ = [Z, [X,Y]]m = 0, where the first equality follows from the fact that 
both m and f) are ad[, -invariant, and the second, from the Jacobi identity. As [Z, m] C m and as ad^ 
is skew-symmetric on m, we obtain for the second term on the right-hand side (the third one is treated 
similarly): ^^^(-'^Je,, e^] = Ei,j (-'^'h, e^], ej)ej = -J2z,j{^d<^^>Y]m){[Z,ej],e,)ej = 

- [[Z, ej],YU)ej = [[ej, Y],Z]^)ej, by the Jacobi identity. But [[ej,Y],ZU = [[ej,Y]^, Z], 

so (X, [[e„Y],ZU) = -{[ej,YU [X, Z]) = 0. So [VxY, I)] = 0. 

Therefore, as T commutes with (), the vectors A^i and N2 also do. This proves assertion (b)(iii). 

(c) The subspace I with the inner product induced from m is spanned by the orthonormal vectors 
T,Ni,N2. The fact that 0/1 = s[(2) follows from the above. Explicitly, for X, F e [ denote [X,Y]i 
the orthogonal projection of [X, F]m to I. Then from (6) we get [T,Ni][ = k2N2 — k\T. Moreover, 
from (3), ([T,Ar2][,Ar2) = and {[T,N2]uN{) = -{[T, Ni]i, N2) = -fcs, and from (5) ([T,Ar2][,T) = 0. 
It follows that [T,N2]i = —k2Ni. Furthermore, as Ni,N2 G 0i, the bracket (in 0) also lies in 0i, 
so [Ni,N2]i G Spa.n{Ni,N2). From the Jacobi identity it then follows that [A^i,iV2]i = -A;iA^2. The 



(3) 



{[T,XU,Y) + {[T,YU,X)^0, 




(6) 



N2 = k2'[T,NiU + k2'kiT. 
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isometric isomorphism between the metric Lie algebras [ and sl(2), with the inner product (1), is given 
by the correspondence T = E\, Ni = -E3, N2 = E - 2 and ki = 2b, k2 = 2a. □ 

As the leaves tangent to D are congruent helices of the second order, we will use a more conventional 

notation for their curvatiirc and torsion; k = ki and n = k2 respectively. 

We can now introduce analytic local coordinates t,w^, . . . , u"^^ in a neighbourhood of any point x (z M 
in such a way that D = Span{d/dt), D-^ = Span(9/9w' : i = 1, . . . , n — 1), t{x) = u'^{x) = 0, and the 
leaf of D passing through x is parametrised by the arclength. Then the metric of M in a neighbourhood 
of a; is given by ds"^ = e'^'^'^^'^^dt'^ + Bij{u,t)du^du^ , where </> is an analytic function with (j){0,t) = and 
B is analytic and positively definite. We have 

r = e-4, k., = V.r = A, fc2 ^ = const ^ 0, 



kKU2 = V.(fc^r) + fcV = -e-^B'^-^^, V.(te) = -^'^^^^ (e" 



As the leaves tangent to D are helices of order two, we have from Frenet equations: Vr{kKV2) = —kK Vi, 
so by (7), ^(e-^^) = -^^e^^, for alH = 1, . . . , n - 1, which gives ^(C^ - hC^? + h^'e^'') = 
0. It follows that ^ - Klf)^ + i^^e^"^ = h{t), for some analytic function h. But (j){0,t) = 0, so 
h{t) = \k^. This gives the equation ^{e~'''{^f + '«^(e'^ + e""^)) = 0. Solving this equation we get 
= sinh(Q!(u)) cos(Ki + + cosh(a(u)) for some analytic functions a,/3 on a neighbourhood of 

X S M2. This gives the required expression for the twisting function in Case (c) of Theorem 1. A 
direct calculation using the fact that k"^ = B"-'^-^ from (7) shows that ||Va|p = sinh(a)2 1| V/3p = fc^, 
as required. □ 

As we can see from the proof, in Case (c), the subgroup G\ d G acts transitively on F, so F is 

a homogeneous totally geodesic hypcrsurfacc. To some surprise, there exist non-homogeneous totally 
geodesic hypersurfaces belonging to Case (b), as the following example shows. 

Example 2. Consider the metric solvable Lie algebra with an orthonormal basis Xi, X2, F and with the 
nonzero brackets [Z, Xi] = Xi+ X2, [Z, X2] = —Xi + X2, [Z, Y] = 2Y. The corresponding left-invariant 
metric on R'^ is given by ds"^ = dz"^ + e^^dy"^ + e2^(dxf + dxj), with Z = Y = e'^^^, Xi = 

cos 2g|r — sin zgl^-, X2 = sin z-^ + cosz-^. The resulting homogeneous space indeed 
belongs to Case (b), with M2 = {xi = X2 = 0}, the hyperbolic space. Moreover, the hypersurface 
F = {xi = 0} is totally geodesic, but Span(Z, Y, X2) is not a subalgebra. 

Proof of Theorem 2. Suppose the pair (M = G/H, F) belongs to Case (c) of Theorem 1. In the notation 
of Lemma 2, let N be the connected (normal) subgroup of G tangent to the ideal 3. Then by Lemma 2 

(b)(i) N D H and G/N = SL(2) (as the Lie group). Moreover, from Lemma 2 (c) it follows that the 

projection tt : M — > SL(2) (defined by Tr{gH) = gN for g e G), where SL(2) is equipped with the 
left-invariant metric defined by the inner product (1) (with some specific choice of the constants a and 

b), is a Riemannian submersion. Then the projection of F to SL(2) is the connected Lie subgroup G\/N 
whose Lie algebra is spanned by s. □ 

From Theorem 2 (or from Lemma 2) it follows that Case (c) of Theorem 1 may only occur if the 
semisimple part of the Levi-Mal'cev decomposition of the Lie algebra of (any) transitive group of isome- 
trics of M contains an ideal isomorphic to 51(2). 
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